Preface to Chapter 3

Note:  This chapter deals with sets of linear equations.  Recall that a linear equation in two variables is an equation that describes a line and is of the form, ax  +  by  =  c.  We review solving systems (sets of equations considered together) using 3 methods.  The solution to a system of linear equations is always an ordered pair that solves both (all) equations at the same time.  As with solving any equation, systems can be dependent (the same line, thus infinite solutions), inconsistent (parallel lines, thus no solution), or consistent (two lines that meet in a single point, thus one solution).  We learn 3 methods because no one method is the best; each has its benefits and drawbacks.  Here is a summary of those benefits and drawbacks:

Graphing

     Pros-  This method is very easy because we already know how to 

     graph.  It gives a great visual representation of solving 

    systems— it helps us to see that the solution is a single point.


    Cons-  The method is inexact and does not work well when the 

     solution is off the graph or not an ordered pair of whole 

    numbers.


Substitution

    Pros- We know how to solve equations for a single variable.  We 


   
   know how to substitute a given value into an equation 



   already.  


     Cons- When fractions are involved this method can become messy.


Addition Method (Also called elimination)

     Pros- Factions are easier to deal with.  It is the most applicable 



    method for future use.


     Cons- The method is entirely new, and a little harder to put 

      together.

§3.1 Systems of Linear Equations in 2 Variables
The solution to a system of linear equations in 2 variables is an ordered pair.  It is the point that solves both 
equations at the same time.  Of course, if two lines are parallel they will never cross and there will be no 
solution to such a system (independent, inconsistent system).  If two lines are the same, then there will be infinite 
solutions to the system which will simply be the ordered pairs that lie on the line that represents the system 
(dependent, consistent system).
Let’s start by checking to see if an ordered pair is a solution to a system.  In order to be a 
solution it must be a solution to both (all) equations.


Example:
Is  (2,7) a solution to the system:
y  =  2x  +  3








2x  +  3y  =  25
Steps to Solving a System by Graphing
1.
Graph each line using methods from chapter three
2.
Locate the point where the lines meet, and determine and label its ordered pair.  
This is the solution.


Example:
y  =  3x  (  4




y  =  x  +  2


Steps in Substitution

1. Solve one equation for either x or y

2. Evaluate the second equation using the solution in part 1, and solve for the remaining variable. (If you solved for y in part one, then you will be solving for x in this part, and this will give you your x coordinate.)
3. Plug the solution from part 2 into one of the original equations and solve for the remaining variable. (If you solve for x in part 2, this will yield the y coordinate.)
4. Write the answer as an ordered pair.

Note:  If you have mastered the skill of putting lines into slope-intercept form, it is a good idea to put both (all) equations in this form before beginning so that you may see from the outset if you will have a solution, no solution or infinite solutions.  If you have not mastered the skill of putting an equation into slope-intercept form this may be the time to practice the skill.  I think that you will see its usefulness once we solve a couple of problems.

Example:
y  =  2x + 4




y   =  2x (  1


Example:
3x + 2y = 6




        y = 2/3 x ( 2


Example:
2x = 3y + 4




6x ( 9y = 12

Steps for Addition (Elimination)

1. Put the equations in the same form! (y=mx  +  b; ax  +  by  =  c; etc.)
2. Add the two equations in such a way that one variable is eliminated (goes away; is subtracted out) – this may require multiplication of one or both equations by a constant.

3. Solve the new equation from step 2 for the remaining variable (for instance if you eliminated y in step 2, you will be solving for x).

4. Put the solution from step 3 into an original equation and solve for the remaining variable (if you solved for x in step 3, then you are solving for y now).

5. Write the answer as an ordered pair. 

Example:
y  =  2x + 4




y   =  2x (  1


Example:
3x + 2y = 6




        y = 2/3 x ( 2


Example:
2x = 3y + 4




6x ( 9y = 12

Suggested HW §3.1
p. 174-178 #1-9odd, #13,17,#25-57every other odd,#63,67,73,77,91,#113-115all

§3.2 Application of Systems of Equations
Outline

  Word Problems with 2 equations & 2 unknowns


Linear Equation Problems


  One equation usually comes from a translation


  Second is from the usual source


     i.e. baseline + rate(x)


Geometry Problems


  Supplementary Angles


     Sum to 180( (one equation)


     2nd equation will be either translation or difference


  Complementary Angles


     Sum to 90( (one equation


     2nd equation will be either translation or difference




Distance Problems


  One equation will usually come from a translation


  Second equation will come from usual source


     i.e. distances sum or distances equal


  Relationships between speed & current speed


Mixture Problems


  Simple Interest


  Percentages

Many of the problems that we solve in this section could have been solved using one variable and one unknown, but rather than making the complex manipulation of x + y = # and therefore y = # ( x, we just leave x & y and get the same equation that involves these 2 variables and then solve using substitution or elimination.  If you use substitution you are doing the exact same process that seemed so difficult in algebra, but this time it is easier because the equations take care of the thinking work, and we don't have to think about it!!

Because the problems are all the same we will still be looking for similar patterns.  The first pattern is that of a geometry problem.  We will also re-visit the linear equation, mixture and distance patterns.  

Geometry
Recall that supplementary angles sum to 180( and complementary angles sum to 90(.


Example:
The measure of the larger of 2 complementary angles is 15( more 




than 2 times the smaller angle, find the measure of each.

Linear Equations

Example:
Rick, earns a weekly salary plus commission on his sales.  One 




week his total pay based upon $4000 of sales was $660.  The next 




week his total pay based upon $6000 of sales was $740.  Find 




Rick's weekly salary and his commission rate.

Mixture Problems
There are 2 scenarios:  either we have a problem where to two things being mixed sum or there is a relationship between the two things.  Remember that mixes of things selling for a unit price, simple interest problems and chemical mixture problems all fit into this pattern.


Example:
Pola needs 3 ounces of a 20% lavender oil solution.  She has only 




5% and 30% solutions available.  How many ounces of each 




should Pola mix to get a 20% solution.


Example:
Birdseed costs $0.59 per lbs. and sunflower seed costs




$0.89 per lbs.  Angela's pet store wants to make a 40 lbs. mixture 




of  birdseed and sunflower seed that sells for $0.76 per lbs.  How 




many lbs. of each type should she use?


Example:
The Abdullahs invest money in 2 savings accounts.  One pays 5% 

and the other 6%.  Find the amount placed in each account if the 

5% account had $2000 more than the 6% account.

Distance Problems
Just like the problems in chapter 2, the unknown is what is to be found and the relationship forms the equation (usually the thing in the relationship is not a known but is calculatable).  Also related to these distance problems are "mini-distance" problems (involve one part of a much harder distance problem) that involve the speed of a car, etc. and the rate of a current (i.e. wind, water, etc.).


Example:
A rowing team rowed an average of 15.6 mph with the current and 




8.8 mph against the current.  Determine the team's rowing speed in 




still water and the speed of the current.


Example:
Two cars start at the same point in Alexandria, Virginia, and travel 




in opposite directions.  One car travels 5 mph faster than the other.  




After 4 hours, the two cars are 420 miles apart.  Find the speed of 




each car.

Revenue/Cost Problems to Find Break-Even Pt.
In these problems we will have an equation that describes revenue as a function of the number of items produced and another that describes cost as a function of the number of items produced.  Where the two intersect is the break-even point.  Above that point a profit is make and below that point a loss is taken.


Example:
Let’s do #50 on p. 192.




You invested $30,000 and started a business writing greeting 




cards.  Supplies cost 2¢ per card and you are selling each card for 




50¢.  (In solving this exercise, let x represent the number of cards produced and 



sold.)

Suggested HW §3.3
p. 189-193 #1,3,#11-41odd,#47,#66-68all

§3.3 Systems of Linear Equations in 3 Variables
Outline

  Ordered Triples

  Solving Systems of 3 Equations & 3 Unknowns

 
Substitution


Addition (Elimination)


Graphical Interpretation

The solution to a system of three equation in three unknowns is called an ordered triple.  An ordered triple is just like an ordered pair, but in coincides with a system that has 3 dimensions.  We usually use the axes x, y & z in a three dimensional coordinate system, where the x & y are the same axes that we are familiar with and the z comes out of the paper at us.  Just like the ordered pair, an ordered triple is always written in alphabetical order in parentheses: (x, y, z).  The solution to a system of 3 equations in 3 unknowns is just like the solution to a system in 2 unknowns.  To check to see if we have a solution the solution must work for all equations.  We can also have dependent, consistent systems and independent inconsistent systems, but the scenarios are a little more complex.  I will refer you to p. 198 of Blitzer’s text for some  visual aids.


Example:
Is (0, 5, 7)  a solution to:
x  +  y  +  z  =  12








        x   +  y  =  5








x  +  y  −  z  =  2

Solving a 3rd Order System Using Substitution (When 1 equation is a constant f(x))
Step 1:  Substitute known into one of the other two equations

Step 2:  Solve for the remaining unknown in the equation resulting from step 1

Step 3:  Substitute known value & value found in step 2 into 3rd equation and solve

Step 4:  Write solution as an ordered triple


Example:
2x + 3y = 19




4x ( 6z = 12




          y = 5


Example:
2x ( 5y = 12




       -3y = -9




2x ( 3y + 4z = 8

Solving a 3rd Order System Using Addition (Elimination)

Step 1:  Select 2 equations and eliminate a single variable using as in §4.1

Step 2:  Select a different pair of equations and eliminate the same variable as in Step 1

Step 3:  Step 1 & Step 2 will result in 2 equations without one of the 3 variables – Use 

             elimination or substitution on these 2 equations to solve for the 2 remaining 

             variables.

Step 4:  Finally use the 2 values found in Step 3 and substitute into any equation to solve 

 for the 3rd and final value.

Step 5:  Write the answer as an ordered triple


Example:
  x + y (  z = -3




  x       +  z =  2




2x ( y + 2z = 3


Example:
  -x + 3y + z = 0




-2x + 4y ( z = 0




 3x (  y + 2z = 0


Example:
2x + y + 2z = 1




  x ( 2y ( z = 0




3x ( y + z = 2

Note: One of the steps yields a false statement and this how we know that there is no solution to this problem.

Example:
-1/4 x + 1/2  y ( 1/2 z = -2




 1/2 x + 1/3 y ( 1/4 z = 2




 1/2 x ( 1/2 y + 1/4 z = 1


Example:
3x  (  4y  +   z  =  4




  x  +  2y  +   z  =  4




-6x  +  8y  (  2z  =  -8

Note: One of the steps yields a true statement and this how we know that there are infinite solutions to this problem.  Unlike 2 equations and 2 unknowns however, there are 2 scenarios under which this can happen.  The first is that all 3 planes are parallel and the other is when all three intersect in a line.

Applications of Three Equations and Three Unknowns
The key here is to identify the following:


3 unknown quantities


Relationships


   1 may be the sum of all 3 unknowns (usually)

   2 others may be translation


   1 other may be a translation & 3rd may be the usual equation source


Example:
The average household gets 24 pieces of mail per week.  The 



number of bills is 2 less than twice the number of pieces of 



personal mail.  The number of ads is 2 more than 5 times the 



number of pieces of personal mail.  How many pieces of personal 



mail, bills and ads does the average household get per week?


Example:
A 10% solution, a 12% solution and 20% solution of hydrogen 



peroxide will be mixed to get 8 L of a 13% solution.  How many L 



of each must be mixed if the volume of the 20% solution is to be 



2 L less than the volume of the 10% solution?

Suggested HW §3.3
p. 200-204 #1-23odd,#41-45odd,#59-61all
§3.4 Solving Systems of Equations Using Matrices
An augmented matrix is used to show the numeric coefficients and the constants in a system of equations.  In such a matrix all the x’s, y’s, z’s etc. must be in the same column and the rows must contain individual equations.

Example:
Give an augmented matrix to represent the following system of equations.





x  (  3y  +  2z  =  5





2x  +  5y  (  4z  =  -3





-3x  +  y  (  2z  =  -11

Two augmented matrices are equivalent if the systems represented are equivalent, which means that they have the same solution!

Our goal in this section is to create equivalent augmented matrices to solve systems.


Process:
Change rows in such a way that we create equivalent matrices.  

These are the same processes that we use to solve systems of 

equations:  multiplication of an equation by a constant and addition 

and subtraction of equations.  


Translation to Matrices



Multiply Rows by a constant to change a Row



Add/Subtract rows to change a Row



Note:  One row always stays the same during one operation while the 

           other is being changed.
Equivalent Matrix (  Triangular Matrix on the left and the solutions in the augmented portion.

Triangular Matrix is the matrix with 1’s on the primary diagonal (left to right) and zeros below and to the left.  Thus our solution will give one constant function, which can then be used to solve for a single remaining variable (in the case of 2 eq./2 unknowns) or if there are three equations and three unknowns can be used on the equation containing 2 variables to solve for a second unknown and then on the final equation which involves 3 unknowns.

In the process we want to have the following happen (see p. 272 for an outline in more detail)

1) 1 in R1C1
2) 0 in R2C1
3) 1 in R2C2

Example:
Solve the system using row transformation

3x  (  2y  =  0










2x  +  y    =  -7

1) Augmented Matrix

2) Multiply row 1 by 1/3 to get a 1 in R1C1: 1/3R1 ( R1
3) Mult. Row 1 by –2 and add row 2 to get a 0 in R2C1:  -2R1 + R2 ( R2
4) Multiply row 2 by 3/7 so R1C2 is 1:
3/7R2 (R2
5) Extract the solution since the last row represents a constant function you know the value of y  and then you substitute the value of y into the 1st row equation and solve for x.

Example:
Solve the following using row transformation
x  +  2y  (  3z  =  -5

x  +  y  (  z  =  8










2x  +  y  +  z  =  1

1) Augmented Matrix  (Start so that R1C1 has a 1 when possible)

2) Get zeros in column 1 simultaneously

 R1  + -R2  (  R2
2R1  +  -R3  (  R3
3)
Get zero in last row and second column 

3R2  + -R3  (  R3
4)
Extract Solution

Inconsistent System (Still yields a false statement  0 = #)


Example:
3x  (  4y  =  12




8y   (  6x  =  9

After  1/3R1 ( R1  and 6R1  +  R2  (  R2  you will see that R2 reads 0  =  35!

Dependent System   (Still yields 0 = 0!)


Example:
6x  +  2y  =  2




y  =  -3x  +  1

Note:  Don’t forget that the equations must both be in standard form to form your augmented matrix!
After 1/6R1 ( R1  and -3 R1  +  R1  (  R2  you will see that R2 reads  0  =  0!


Example:
x  +  y  +  z  =  1




2x  (  y  +  2z  =  2




2x  +  2y  +  2z  =  2

After -2 R1  +  R2  ( R2  and  -2R1  + R3 ( R3  you see the dependent system.

§3.5 Solving Linear Systems Using Cramer’s Rule

A matrix is an array (set/group) of numbers given in row by column format called order.  A square matrix has equal number of rows and columns.  The numbers in a matrix are called elements or entries.  A 1 row matrix is called a row vector and a 1 column matrix is called a column vector.  An augmented matrix is used to show the numeric coefficients and the constants in a system of equations.  In such a matrix all the x’s, y’s, z’s etc. must be in the same column and the rows must contain individual equations.  A coefficient matrix is the part of the augmented matrix that contains the numeric coefficient of the variables.


Example:
Give the augmented matrix for 
x  +  y  +  z  =  5









-2x  (  3z  =  9










x  =  y


Example:
Give the coefficient matrix of for the above augmented matrix.  

Label it D.

A determinant of a square matrix is a real number.  For a 1x1 it is the only entry.  For a 2x2 it is the product of the primary diagonal minus the product of the secondary diagonal.  For a 3x3 it gets more complicated as it is the product of the entries of the 1st column (or row) multiplied by the determinants of 2x2’s based upon crossing out the row and column associated with the factor.  There is notation associated with the determinant.  If you want the determinant of a matrix, which is represented by a capital letter, you put what look like absolute value symbols around the matrix’s name.  For example, the determinant of the matrix A, is |A|.


Determinant of a 2x2




A  =     a1             b1
| A |  =  a1b2  (  b1a2

            a2              b2             
**That is the principle diagonal (a1 & b2) minus the



                 secondary diagonal (b1 & a2).


Example:     Find the determinant of    A  =
    2          6



                   1          3

Once we learn how to find the determinant of a matrix, we can apply Cramer’s rule to solve systems.  Here’s the process:

1) Augmented matrix

2) Find the determinant of the coefficient matrix – called D

3) Replace the x column with the constant vector & find the determinant – Dx 

4) Replace the y column with the constant vector & find the determinant – Dy 

5) X =  Dx/D  and  Y  =  Dy/D

Note:  If D=Dx=Dy=Dz=0  then you have a dependent system and if D = 0  regardless of the other values (not all being zero) then you have an inconsistent system.


Example:
Solve the following using Cramer’s Rule:
3x  (  2y  =  0









2x  +   y  =  -7

For systems of 3 equations and 3 unknowns we must have the definition of a minor in order to apply Cramer’s rule.  A minor is the 2x2 matrix created when we cross out a row and a column.  The minor is associated with whatever number is crossed out completely with a vertical and a horizontal line.  (It should be noted that finding minors can be done by crossing out a row and then all columns across that row.)
Example:
For the following matrix find the minor for each entry in the first column.  (Cross out the first column and then cross out row one, that will give a minor for 1, then cross out row two and that will give a minor for 2, then cross out row three and that will give a minor for 5.) 
1
1  
-1
  






2
1 
  1 
  






5
2
-3


Now how to find the determinant –  We need to take the elements of the first row and multiply them by their minors, and add them with alternating signs.  The alternating signs come from the sign array that follows (note the signs alternate in each row and column and the a11 is always positive).  Because of the sign array we can find the determinant of a matrix based upon any row or column that we desire!  This is convenient when one row or column of a large matrix contains many zeros, since zero times anything is zero!



Sign Array

+
(
 +
  






(
+ 
 ( 
  






+
(
 +



Determinant of a 3x3


A  =                a1            b1                c1




                       a2            b2                 c2

                       a3            b3                 c3





|A| = a1(b2c3(c2b3)  (  a2(b1c3 ( c1b3)  +  a3(b1c2 (c1b2)

*Note that (b2c3(c2b3) is the determinant of a1’s minor         b2             c2


                                                               b3             c3

Example:
Find the determinant of the following matrix


                   A  =        3           -3  
   4


                                  1           -2
  2


                                  2           -2
 -1

Let’s investigate the idea of finding the determinant based upon using different minors.


Example:
For the following matrix find the determinant based upon the first 

column and its minors.


                                           A  =
          1          2           3



                           5          0          2



                          -1          0          1

Example:
Calculate the determinant of the above matrix based upon the 2nd 

column and its minors.

Note:  This is one operation versus 3!  Much easier.
This tool is even more valuable when we look at a 4x4 or a 5x5 matrix and begin thinking about having to calculate the determinant for those systems.  

The process for using Cramer’s rule to find the solution to a system of 3 equations and 3 unknowns can be expanded to this system after we see that we can find the minors.

1) Augmented matrix

2) Find the determinant of the coefficient matrix – called D

3) Replace the x column with the constant vector & find the determinant – Dx 

4) Replace the y column with the constant vector & find the determinant – Dy 

5) Replace the z column with the constant vector & find the determinant – Dz 
6) X =  Dx/D  and  Y  =  Dy/D  and Z  =  Dz/D

Example:
Find the solution to the following using Cramer’s Rule:


x  +  y  (  z  =  8






2x  +  y  +  z  =  1






x  +  2y  (  3z  =  -5

Using a Calculator to do Gaussian Elimination 


Example:
Solve using your calculator

3x  (  2y  =  0









2x  +   y  =  -7



1)    Enter augmented matrix
2nd x-1 edit enter 2 enter 3 enter 3 enter –2 

       enter 0 enter 2 enter 1 enter –7 

2) 2nd mode (to quit)

3) 2nd (x-1 (math( rref( ( enter(2nd ( x-1(A(enter(enter

4) Extract solution from displayed matrix

y
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